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ABSTRACT

Let C be a coalgebra over a field k. Fix an algebra map a: R —~A. Intro-
ducing the notion of cleft forms, we show that, for any measuring ¢ : C —
Hom(R, A), there is a unique maximal subcoalgebra D of C such that
¢ |p is inner.

Introduction

We work over a field k. Let C be a coalgebra, and R, A algebras (over k).
A linear map ¢: C —Hom(R, A4) is called a measuring, if the action re-
presented by ¢

COR—A4, cQxmclx] (=¢(c)x))
measures R to 4 [S, p. 139}, i.e.,

c[l]=¢e(c)l, clxy]= (2) clxIcaly]

for c€C, x,y€ER. If an algebra map « : R — A is fixed, the notion of inner
measurings is defined as follows: A measuring ¢ : C —Hom(R, A4) is said to be
inner (with respect to «), if there is a *-invertible linear map u : C — A4 such that
¢ = inn u, where inn u is determined by
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mnMdu)=§umwﬂﬂu”@ﬁ

for c€C, x €ER. The purpose of this paper is to prove:

THEOREM 9. For any measuring ¢ : C —Hom(R, A), there is a unique
maximal subcoalgebra D of C such that ¢ | p is inner.

This is an affirmative answer to the coalgebra version of the following
question raised by Colin Sutherland:

QUESTION [Mo, 6.3]. Let H be a Hopf algebra and let 4 be a left H-module
algebra represented by ¢ : H —End A. Then, is there a unique maximal Hopf
subalgebra K of H such that ¢ | x is inner?

To prove our Theorem 9, we introduce the notion of (cleft) forms, a
modification of Galois subalgebras due to Doi and Takeuchi. We will show in
Proposition 8 that there is a 1-1 correspondence between the cleft forms
C C ®4 and the inner measurings C —Hom(R, 4). Considering cleft forms
instead of inner measurings, we can argue comodule-theoretically. This
method is useful for us to examine inner actions of coalgebras or Hopf
algebras, as is shown in [Ma2, Section 3}, too.

We write ® =&,, Hom = Hom, and End = End,. Modules mean right
modules and comodules mean /eft comodules.

Let 4 be an algebra and let C be a coalgebra with the structure A, ¢. We write
as usual

A(C) = 2 C(|)®C(2), ceC.
©)

Hom(C, A) is an algebra with the *-product [S, p. 69]. Reg(C, 4) denotes the
group of *-invertible linear maps C — 4.
C ® A4, being naturally a (right) A-module, has a C-comodule structure

CRAZ cRCc®A4,
which is an A-module map.

DeFintTioN and LEmMMA 1. (@) For u€Hom(C, A), define 1€
End(C®4) by
li(c ®a) = 2 C(])® u(C(z))a
()
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forceC,a€A. uw— dgivesal-1 correspondence between Hom(C, A) and the
set of C-comodule and A-module endomorphisms of CQA.
(b) Let u, v€EHom(C, A). We have

AN A
UxXV=UoY,
é=idc®A

so that u is »-invertible < i is an automorphism.

Proor. (a) It follows from [D, Prop. 3, p. 33] that the above set is
identified with

Hom_,(C®A4,4)=Hom(C, 4)

viad<u.
(b) This is verified easily. Q.E.D.

Let B be a subalgebra of 4.

DEFINITION 2. Let N C C®A be a C-subcomodule as well as a (right)
B-submodule. N is called a B-form of C @ 4, if the canonical map

NR®A—=>CQA, n®awr na

is an isomorphism. A B-form N C C ® A4 is said to be cleft, if there is a (left)
C-comodule and (right) B-module isomorphism N ~C ® B.

Here the notion of B-forms is a modification of Galois subalgebras due to
Doi and Takeuchi [DT, Def. 6.8, pp. 509-510].

DEerINITION 3. For u €Reg(C, 4), denote by
N(u)
the image of i1 | cgs: C®B— C®A.

LEMMA 4. Let u, vEReg(C, A).

(@) N(u) is a cleft B-form of C ® A. Conversely, any cleft B-form of CQ A is
of the form N(u) for some u EReg(C, A).

(b) N(u) D N(v) « u~! »v EHom(C, B).

(c) N(u)=N(@) < u~' xvEReg(C, B).

PrROOF. (a) Since uEReg(C,4), #|ces: COB—N(u) is an iso-
morphism. So N(u) will be a cleft B-form of C ® A4 provided the canonical
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map N(u)®zA—>C®A is an isomorphism. This follows by viewing the
commutative diagram:

C®A —:» c®4

I T cano.

(C®B)®zA4 ﬂlc;:&d Nu)®p A

Conversely, suppose N is a cleft B-form C C®A4 andlet f: CQ®B = Nbea
C-comodule and B-module isomorphism. By Lemma 1, there is ¥ EReg(C, 4)
satisfying:

cC®4 — C®A

i
I Q § T cano.

(C®B)®3Af;>; N@Ad C | i

] o ]

C®B—} N

Hence N = N(u).

(b) (=) Let i be the inclusion map N(v) C N(u). Since the composition
@ |N(u, ofop | cesis a C-comodule and B-module endomorphism of C ® B,
by Lemma 1 there is t EHom(C, B) satisfying:

C®B—> C®B
S5 @ Y
N(@) < N(u)

Hence we have forceC
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2 C(|)® U(C(z)) = Z C(|)® Uux*x t(C(z)) in C®A s
© (¢}
where we view t€Hom(C, A) via Hom(C, B) C Hom(C, A). Applying
e ®id,, we have v=wu *¢, so that u~! »v(C) C B. (<) This is easily verified.
(c) This follows from (b). Q.E.D.

Let O, be the cotensor product [D, §1], [T2, Appendix 2].

LEMMA 5. Let uE€Reg(C, A) and let D C C be a subcoalgebra. Then
N(u |p)=DOcN(u)=Nu)ND®A.

Proor. This follows by applying DO, - to

C®B —} Nw) (CCQ®A).

In general, for a C-comodule ¥V, DO, V is a unique maximal D-subcomodule
contained in V. In particular DO (C®B)=D @B, so the first equality
holds. The latter equality holds, since DO (CQ®A)=D QA. Q.E.D.

For a C-comodule V, denote by V, the socle of V. In particular C, is the
coradical of C, the direct sum of simple subcoalgebras C C,and Vo= C,0O0. V.

PROPOSITION 6. Let B be an algebra and let N be a B-module which has
such a C-comodule structure N — C ® N that is a B-module map. (Then N, is a
B-submodule of N.) Suppose that N is an injective C-comodule and that there is
a Cy-comodule and B-module isomorphism Ny~ C,Q B. Then there is a
C-comodule and B-module isomorphism N ~C ® B.

Proor. Call the isomorphism g: C,;® B = N,. Since N is C-injective, the
composition

8
CyC C,®B —> N,CN

can be extended to a C-comodule map f: C — N. Then

fiC®B—N, flc®b)=flc)b

is a C-comodule and B-module map which is an extension of g. Since f is
injective on the socle (C®B),=C,® B, f is injective. Since the “free”
comodule C @ B is C-injective [D, Cor. 1, p. 33] and since AC,®B)=N,, f
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is an isomorphism. Q.E.D.
In the following we use the next:

NotaTiON 7. Let R be another algebra and fix an algebra map o: R — A4.
Define
B={a€A|aa(x)=alx)a, VXER).

Recall the definition of inner measurings in Introduction.
ProrosiTION 8. (a) Let u, vEReg(C, A). We have
innu=innv < u~! *xvEReg(C, B) = u~! xv EHom(C, B)
« N(u)= N() < N(u)D N(v).

Thus inn u < N(u) gives rise to a 1-1 correspondence between the set of inner
measurings C —Hom(R, A) and the set of cleft B-forms of C @A.

(b) Let D C C be a subcoalgebra. Let ¢ : C —~Hom(R, A), w: D —Hom(R, 4A)
be inner measurings and let N C CQA, L C D @ A be the corresponding cleft
B-forms. Then

w=¢|pe=> L=DONe LCN.

Proor. (a) The first and second “ <> are proved in the same way as [BCM,
Lemma 1.13(1), p. 676]: One can write inn u = u *x¢ *u ™', where xe(c) =
a(x)e(c) for c€C. Then one can show innu =innv if and only if
u~ ' % p(C) C B (and v~ ! *»u(C) C B). The remainder follows from Lemma 4.

(b) The first “ >~ follows from Lemma 5. The latter “ <~ follows from part
(a) above, since DO N is a cleft B-form of D ®A. Q.E.D.

THEOREM 9. For any measuring ¢ . C —~Hom(R, A), there is a unique
maximal subcoalgebra D of C such that ¢ | p Is inner.

The 1-1 correspondence in Proposition 8 enables us to prove Theorem 9 in
terms of cleft B-forms. To begin with, we show the existence of a maximal
subcoalgebra whose action is inner. For this purpose it suffices by the Zorn
lemma to prove:

LeMMA 10. Let {C,}ien be a set of subcoalgebras of C which is totally
ordered under inclusion. Let N, C C, @A (A€ A) be cleft B-forms such that
C, c C, implies N, C N,. Write
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D=UCA, N=UNA.
A

A

Then N is a cleft B-form of D @ A.
PrOOF. Applying lim to the canonical isomorphisms
N;. ®B A=~ CA ®A .

we have that N is a B-form of D @ 4. To show N is cleft, by Proposition 6 we
have only to prove Claims 11-12 below.

CrLam 11, N is an injective D-comodule.

Since C; C C, implies N, =C,0. N,=C;0,N, by Proposition 8(b),
one has
NA = C;_ DD N.

To show any D-comodule map 4 : ¥V — N can be extended to a D-comodule W
including ¥, we may assume that " and W are finite dimensional [T2, p. 1527,
11.19-21]. Then there is C, such that W (hence V) is a C;-comodule (i.e.,
W=C,0,W). Since h(V)CN,=C,0,N and since N, (=C,®B) is
C,-injective, h can be extended to W. Thus N is D-injective.

CLAIM 12, There is a Dycomodule and B-module isomorphism Ny=
D,®B.

Let E be a simple subcoalgebra C D. There is C, which includes E. Then
we have
EDDN_'—'EDC‘ CADDN=EDC‘NA =E®B.

Hence Ny~ D,® B, as is required. Q.E.D.

Let D, D’ be two maximal subcoalgebras C C whose actions are inner. Since
Dy = (D’ n Dy)® E for some subcoalgebra E C Dy, we have D’ + Dy= D’ @D E.
By the maximality of D’ we have D, C D’, so D, C D{. By symmetry we have
Dy = Dj. Therefore the proof of Theorem 9 will be completed by the following
lemma, which tells that “maximal” implies “unique maximal”.

LemMma 13. Let D,D’C C be subcoalgebras such that Dy= D§. Let
NCD®A, N C D’'QA be cleft B-forms such that

DOnD)YO,N=(D NnD)YOy N
Then N + N’ is a cleft B-form of (D + D")Q®A. (So the inner measurings
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D —Hom(R, A) and D’ —~Hom(R, A) corresponding to N and N’ respectively
can be extended uniquely to an inner measuring D + D’ —Hom(R, A).)

ProofF. Write E=DnNnD’,L=EO,N=EQO, N'. One has
Ey=DyN Dj= Dy = Dy,
Ly=E,0O0, N=D,00, N =N,
=E,O, N’ =D§0p N’ = N¢.
We claim L=NNN". Clearly LCNNN’. Since L (=EQ®B) is E-

injective and since NN N’ (C E®A) is an E-comodule such that L,=
(NN N')y, wehave L=NNN’,

Let g: EQB = L be an E-comodule and B-module isomorphism. Since
(D®B),=E,®@B and N,= L, it follows in the same way as the proof of
Proposition 6 that g can be extended to a D-comodule and B-module
isomorphism f: D@®B = N. Similarly g is extended to f": D’'QB = N'.
We have that there is a (D + D’)-comodule and B-module isomorphism

(D+D)®B = N+ N’ from the following commutative diagram with
exact rows:

0—~(DND)®B—(DDD)QB—(D +D)QB—0
5y ¢ $| rer
0~L= NOAN— NON'—-  N+N—0

The proof will be completed, if we show that N + N’ is a B-form of
(D + D")® A. This follows from the commutative diagram with exact rows:

(NNN)®A—>(NON)QpAd—>(N+N)QzA—0

£y " |
0-DND)Y®A— (DOD)Y®A— (D+D)®A—0
where all arrows are canonical ones. Q.E.D.

After the author submitted the earlier manuscript for publication,
M. Takeuchi and M. Koppinen independently wrote to him a quick proof of
Theorem 9. Here we sketch their proof. Let the notations be the same as in
Notation 7 and Theorem 9. First, one can show from [T1, Lemma 14, p. 568]
the following:
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LeMMA A. Let D CC be a subcoalgebra. Then the restriction map
Reg(C, A)—Reg(D, A) is a surjection.

Let & be a set of all pairs (D, u) such that D is a subcoalgebra of
C, u€Reg(D, A) and ¢ | p = inn u. Introduce into & a natural order deter-
mined by

D,u)y<D,u)e DCD' and u =u’|D.
By the Zorn Lemma, there is a maximal pair (D,,, ,,). The proof will be
completed, if one shows that D,, D D for any (D, u)EZ. This follows, since
one has the following:

LEmMMA B. Let (D, u), (D', u’)EX. Then there is vEReg(D + D’, A) such
that (D, u)<(D + D’, v). Hence, if (D, u) is maximal, D D D",

ProoF. Write E =D NnD’. By Proposition 8(a), (1’ | ) *(u | £)E
Reg(E, B). This can be extended to some w € Reg(D’, B) by Lemma A. Then
u I e=W xw) | g again by Proposition 8(a). Hence one can define a linear map
v:D+D'—A by UID =u and v|D,= u’ *w, This v is invertible by
[T1, Lemma 14] and satisfies the required condition. Q.E.D.

Cleft forms remain useful for us to examine inner actions of coalgebras or
Hopf algebras. See [Ma2, Section 3].
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